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ABSTRACT

From precisely reduced Baker-Nunn observations for 12 artificial satel-
lites with inclinations between 28° and 96°, coefficients of zonal spherical

harmonics up to the 218t order in the expression of the gravitational potential

of the earth are derived.

RESUME

Nous avons etudié d'une fagon precise les observations
photographiques Baker-Nunn pour 12 satellites artificiels ayant
une inclinaison entre 28° et 960, et a partir de ces observations
nous avons deduit lfs coefficients des harmoniques sphe‘riques
zonales jusqu'au 21°™® ordre dans l'expression du potentiel de

gravitation de la terre.

KOHCITEKT

BuBeners KO3@OuUMEeHTH 30HANBbHHX cfeprmueCKUX TapMOHMK 1O
217CnopanKa B BHpEXeHMM TPABUTALUUOHHCTO MOTEHLUKANE 3eNyH
MCXOLS 13 TOUHO o6paboTaHHHX Bskep-HyHH HaGnwperuit mns 12
UCKYCTBEHHHX CIYTHUKOB C HAKIOHaM! MeXIy 28°% u 96°.

iv




HE

R T T T R T e

REVISED VALUES FOR COEFFICIENTS
OF ZONAL SPHERICAL HARMONICS IN THE GEOPOTENTIAL

Yoshihide Kozai
1. INTRODUCTION

Since Kozai's (1968) determination of the coefficients of zonal spherical
harmonics for the geopotential, E. M. Gaposchkin and his colleagues at SAQO
have obtained, from precisely reduced Baker-Nunn observations, srbital
elements of very high accuracy for several satellites. Consequently,
complete analyses have been made for eight satellites in order to determine
(O-C) for secular motions and amplitides of long-periodic terms, where the
computed values are based on Kozai's coefficients determined in 1964, These

values (Kozai, 1964) are the following:

J, =1082.639, J, =- 2.546,
J, = - 1.649, Jg =- 0.210,
Jo = 0.646, J, =- 0,333
Jg =- 0.270, Jg =- 0.053,
Jio=- 0.054, 3, = 0.302,
J =~ 0.357, J3= - 0.114,
Jig = 0.179, (1)

where the unit is 10-6 and the following values are used for the geocentric
gravitation constant GM and the equatorial radius of the earth a:
GM = 3.98601 x 1020 cm3 sec™?,

a, = 6.37816 x 108 cm. (2)

This work was supported in part by grant NGR 09-015-002 from the National
Aeronautics and Space Administration,
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In the present determination, 12 satellites are chosen. Their names,
as well as their anomalistic mean motions in revolutions per day, inclinations,
eccentricitiey, and periods of observations used, are given in Table 1, which
also presents approximate values of the secular motions and amplitudes of

long-periodic terms due to spherical harmonics of odd orders.

For the four satellites 1960 v1, 1959 al, 1960 .2, and 1962 Bul, the
same observational data as those employed in the previous determination
(Kozai, 1968) are used; the satellite 1962 12, which was also used in the
previous determination, has been dropped here because of the poor accuracy
of its orbital elements. For the other eight satellites, additional data are

used.

Of these eight satellites, 1963 26A, 1964 01A, and 1965 81A were not
included in the previous determination. Furthermore, for the other eight
satellites, the accuracy of the data used here is much higher than that in the

previous paper.
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2. EVEN-ORDER HARMONICS

Table 2 gives equations of condition to improve coefficients of zonal
harmonics of even orders. In Table 2a the upper line indicates the secular
motion in degrees per day of the argument of perigee; and the lower line,
that of the longitude of the ascending node for each satellite identified in
Table 1. The values of (O-C) are based on my previous coefficients given in
equation (1), and the standard deviations mentioned there are from the

analyses of observations.

ST l!~“t‘"E!;!!FNNH'H.’II"m!'mﬂ"l!!‘m"W’ﬂ"“fm”!f?’mlm‘m“”'l!“”‘!

In the computation of the weights of the equations of condition, however,

the standard deviations derived from the observations are not used, since

the equations of condition include coefficients only up to 20th order. Neglect
of higher order terms causes some errors in the computed values. Therefore,
the standard deviations assigned are increased for some data and are given

as those of the residuals v. The weight assigned to each equation is iaversely
proportional to the square of the increased standard deviation.

Table 2b gives equations of condition for amplitudes of long-periodic
terms with argument 2w, w being the argument of perigee. The first column
identifies the satellite. The orbital elements are the argument of perigee,
the longitude of the ascending node, the inclination, and the eccentricity,

respectively,

The coefficient of J, is always zero in Table 2b, as I, does not produce
long-periodic terms with argument 2w, although Jg terms in the disturbing
. function do produce them. And, since the value of 'TZ is known to at least

three figures, the terms from Jg can be evaluated with sufficient accuracy.

s O o A
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3. ODD-ORDER HARMONICS

In order to determine corrections to coefficients of odd-order harmonics,
the 46 equations of condition given in Table 4 for the amplitudes of the long-
periodic terms with argument w are used. The same system of numbering
the equations is employed as in Table 2b. All the coefficients must be multi-

plied by the Flth power of 10; and (O - C) and v, by the F_th power of 10.

2
The weight for each equation is computed from the standard deviation
assigned to (O - C); when the standard deviations derived from the observa-

tions are different from these values, they are given in the last column.

Table 5 gives the normal equations and solutions. The equations are
2
solved with 7, €, 9, and 10 unknowns, and the equations with Zv are given.

After the inclusion of J the value of ZVZ is reduced to 22. However, the

21’
standard deviations computed for the solution are not small enough, because

of correlations among the coefficients.
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4.

DISCUSSION

The coefficients determined

J, =1082.628 T, = -2.538
+2 14
I = -1.593 J_ = -0.230
4 +7 > +7
I, = 0.502 T, = -0.361
+14 +15

Jg = -0.118 Jg =-0.100
+20 +23
I .=  -0.354 T..= 0.202
10 +25 11 +35
T .= -0.042 J..=-0.123
12 +27 13 +49
I =  -0.073 T = -0.174
14 +28 15 161
I, =  0.187 J._= 0.085
16 +26 17 +65
.. = -0.231 I = -0.216
18 +22 19 +53
J..=  -0.005 J.. = 0,145
20 +22 el +29

in the present analyses are as follows:

(3)

where the unit is in 10-6.

The geoid height computed by the coefficients equation (3) with respect to

the reference ellipsoid with the flattening 1/298. 25 is shown as a function of

geocentric latitude in Figure 1.
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Although 12 satellites are chosen in the present determination, it can be
said that essentially 10 satellites are used, since the inclinations of three
satellites, 1960 t2, 1963 26A, and 1962 Bul, are near 50°. Two high satel-
lites, 1962 ael and 1961 ad1, cannot contribute to the determination of

higher order coefficients.

In the determination of even-order coefficients, the equations of con-
dition for the secular motions for the argument of perigee and for the longi-
tude of the ascending node are independent of each other; therefore, the

number of independent equations is twice as large as the number of satellites.

Of the equations of condition for determining odd-order cosfficients, the
equations for the inclination and for the eccentricity are not independent of
each other, since the amplitudes of sin w for the two elements are propor-
tional. If the eccentricity is small, the equation for the argument of perigee
is not independent of that for the eccentricity, and the amplitude for the
longitude of the node is small and can contribute little to the determination,
In reality, of the 12 satellites chosen, 10 have small eccentricities.

~

Therefore, although nearly 50 equations of condition are used is each
determination, the number of equations that can really contribute is nb\%::e
enough to permit the solution for more than 10 unknowns, especially for cddg

order harmonics.

To reduce standard deviations for the solutions, more data and the
inclusion of much higher order harmonics are necessary. There are gaps
in the inclination around 40° and below 25° . Particularly, satellites with
inclinations less than 25° are needed to reduce correlation among coefficients

in the equations of condition.

In effect, when the number of changes of sign for the coefficients in
Tables 2a and 4 is counted for each satellite, it can be noticed that the lower

the inclination is, the larger the number becomes. For example, the sign

changes six times and seven times, respectively, in the equations for 1960 vl
in Table 2a and it changes three times for 1965 89A, although the signs are




always negative for 1965 8]A. This means that the corrclations, especially
among higher order cocfficients, are quite strong without low-inclination

satellites.

To reduce correlations in the present analyses, weignhts to the data for
1960 vl and 1959 al are increased artificially, But the correlations are

still quite strong.

However, it is certain that the coefficients given in equation (3) are

. quite reliable up to l12th-order harmonics.
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